THEOREM OF THE DAY

De Moivre's Theorem Let 6 be an angle and n a positive integer. Then
(cost + i sind)" = cosnd + i sinné.
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17 nth roots of Q @
18 1 real 1.000[ -0.500] -0500 1.000 10
19 n=3 complex, 0000 0866 -0.866 0.000 3
20 2
21 Pi real 1.2657 0389 -1.017 -1.017 0.389 1.257] |15
22 n=5 complex, 0000 1.186 0733 -0.739 -1.196 0.000 A5 1.0 0.5 0.0 0.5 1.0 1.5
23
24 10 real 1.389 0866 -0309 -1252 -1.252 -0309 0.866 1.389
25 n=7 complex 0000 1036 1.355 0603 -0603 -1.355 -1.086 0.000

Among other things, De Moivre’s theorem is perfect for firglmth roots of real or complex numbers, as shown in the abowsesshot from
Opendtice Calc. In the plot we think of the horizontal axis as recording teal part and the vertical axis the imaginary part of thepmex
numberz = a+ib. This number may be written as= r(cosf +i sind) wherer = Va2 + b? andd is the angle made with the horizontal axis by the
line from (Q 0) to (a, b): cosg = a/r. On our horizontal axis three real numbers are plot¥étl:= 1, ¥7 ~ 1.257 andv10 ~ 1.389. But there are
complexn-th roots too! For instance, the complex numbaiill be cube root of 1 if2 = r3(cosé + i sind)® = r3(cos ¥ + i sin F)3 = 1. This will
happen wheneven3s a multiple of Z because cos2+isin2r = 1+ix 0= 1. So in our plot we have the point,@) and this point rotated by
2r/3 and by 4/3 to give the three cube roots of 1. A nice way to rotate a poinf)(by an angle 2/nis to multiply the point by the appropriate
rotation matrix as shown above left. Note that= 2 gives a rotation of the real square root of a numbley 2r/2, or 180 degrees, to givex.
Abraham de Moivre discovered a version of his formula in 1707 and proposed the moreversiah in 1722. Leonhard
Euler's famous 1749 identitg? = cosp + i sind generalised it to real number exponents.

Web link: archimede.mat.ulaval.g@gegyenespubli/StatSci-2007.pdf
Further reading: Trigonometric Delights by Eil Maor, Princeton University Press, 2002
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